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Quantum Fisher information for a massive scalar field in an

expanding universe.

Rotondo Marcello (名古屋大学大学院 理学研究科)

Abstract

In an expanding universe, an initial vacuum quantum state evolves into entangled particle states. We

consider the entanglement entropy and the quantum Fisher information associated to a massive scalar

field in the asymptotic future of an expanding universe with scale factor −1/(Hη), in terms of both the

expansion parameter of the universe and the wave number and mass of the field.

Equation of motion

We consider the 2-dimensional metric

ds2 = a2(η)
[
−dη2 + dx2

]
(1)

with scalar factor a(η) = −(Hη)−1 and η cosmo-

logical time. Through separation of temporal and

spatial dependencies, the Klein-Gordon equation in

curved spacetime gives the dynamical equation

φk(η)
′′ +

(
k2 +m2a2(η)− a′′(η)

a(η)

)
φk(η) = 0 (2)

for the modes of the (scaled) massive scalar field.

We can use the Hamiltonian formalism writing the

field mode and conjugated momenta in terms of the

creation and annihilation operators,

φk =
1√
2ωk

(ak + a†−k) (3)

πk = i

√
ωk

2
(a†k − a−k) (4)

where ωk comes from the dispersion condition con-

taining the dependency from the expansion

ωk(η)
2 = k2 +m2

eff. = k2 +m2a2(η)− a′′(η)

a(η)
(5)

The time-dependent creation-annihilation opera-

tors in the asymptotic future are related to the ones

operating on the initial state in η0 through the Bo-

golubov relations
(

âk(η)

â†−k(η)

)
=

(
uk(η) vk(η)

v∗k(η) u∗
k(η)

)(
âk(η0)

â†−k(η0)

)
(6)

where η0 is the specific time chosen to set the vac-

uum state defined by

ak(η0)|0, η⟩ = 0 (7)

We can obtain the expression for uk(η) and vk(η) by

imposing the condition that the Heisemberg equa-

tion of motion for the operators must be satisfied

â′k(η) = i
[
âk, Ĥ

]
(8)

from which follows

u′ = −iωku+
a′

a
v∗ (9)

v′ = −iωkv +
a′

a
u∗ (10)

The evolution of the vacuum state can be expressed

in the asymptotic future basis of the Fock space as

|0, η⟩ = 1

|uk|

∞∑

n=0

(
vk
u∗
k

)n

|nk, n−k⟩ (11)

Tracing out -k modes, this leads to the reduced den-

sity matrix

ρ(η) =
∞∑

n=0

λn|nk⟩⟨nk| , λn =
1

|uk|2

∣∣∣∣
vk
uk

∣∣∣∣
2n

≡ 1

|uk|2
γn

(12)

The Bogolubov coefficient can be expressed using

to the auxiliary functions

f =
1√
2ωk

(u+ v∗) g =

√
ωk

2
(u− v∗) (13)
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which satisfy

f(η) =
√
ηH(2)

ν (η) (14)

whereH(2)
ν is the Hankel function of the second kind

with order ν = 1
2 (9− 4m2/H2)1/2, while

g(η) = i

(
f ′(η)− a′

a
f(η)

)
(15)

Entanglement Entropy and

Quantum Fisher Information

The entanglement entropy for the asymptotic

state is

S = −
∞∑

n=0

λnln(λn) = 2
ln(|u|)
|u|2

1

1− γ
− ln(γ)

|u|2
γ

(1− γ)2

(16)

while the quantum Fisher Information associated to

the generic variable θ as

FQ(θ) =
∞∑

n=0

λn(∂θlnλn)
2 (17)

These quantities can be used to describe the amount

and distribution of information that can be ex-

tracted from the system about its dynamics, in

terms of fundamental variables involved. They

could allow, for example, to determine whether a

particular range in the value of the wave number

or mass of the scalar field exists that optimises the

precision of the universe expansion measurement.

Also, the dependency of the evolution of the entan-

glement from such variables may lead to interesting

observations in the study of transitions from the

quantum to the classical domain.
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